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In this article, we verify the existence of solution to boundary value problem of nonlinear 
fractional differential equation involving Caputo fractional derivatives. We obtain new existence 
results based on nonlinear alternative of Leray-Schauder type and Krasnoselskiis fixed point 
theorem. At the end, two illustrative examples have been presented.                                                                       
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In the recent years, fractional calculus is one of the interest issues that attract many scientists, 
specially mathematicians and engineer scientists. Many natural phenomena can be present by 
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boundary value problems of fractional differential equations. Many authors in different fields 
such as chemical physics, fluid flows, electrical networks, viscoelasticity, try to modeling of 
these phenomena by boundary value problems of fractional differential equations [Oldham 
(1974), Ross (1975), Tatom (1995), Nonnenmacher and Metzler (1995)]. For achieve extra 
information in fractional calculus, specially boundary value problems, reader can refer to more 
valuable papers or books that are written by authors such as Samko et al. (1993), Kilbas et al. 
(2006), Miller (1993), Podlubny (1999), Lakshmikantham et al. (2009), Agarwal et al. (2009), 
Ahmad (2010), Bai (2010), Benchohara et al. (2009), Nieto (2010), Zhang (2006), Baleanu 
(2012) and Trujillo (2008).    
                                                                     
Bai and Qui (2009) considered the existence of a positive solution to a singular BVPs nonlinear 
FDE     
    
 , ,				2 3        
 
 0 1 0 0, 
 
where  denotes Caputo derivative of order , 	: (0,1] [0,+∞)	→ [0,+∞), → , . 	
	 ∞.  Their analysis was based on Leray-Schauder type and Krasnoselskiis fixed point theorem. 
In (2011), Khan et al., established the existence and uniqueness of solution for the nonlinear FDE 
 
 , , ,			1 2 
 
subject to integral boundary conditions 
 
0 0 , ,			 1 1 , ,															  
 
where 0 1, , 0,			 , 0	and 	 denotes Caputo derivative, by using nonlinear 
alternative of Leray-Schauder type and Banach fixed point theorem. 
 
In the present work, we prove the existence of solution to a BVP of nonlinear FDE 
 
, , , ,
0 1 ,			 0 0,
1 ,
                                                                       (1.1)   
 
where 2 3, 1 2, 1 0, 1 2  and , , are Caputo 
fractional derivatives and : 0,1 →  is continuous function. The main tools for 
achieving this goal are nonlinear alternative of Leray-Schauder type and Krasnoselskiis fixed 
point theorem in a cone. 
 
Throughout this paper, we assume that the following conditions hold: 
 
(H1)  is continuous. 
2
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(H2) There exists a positive constant  such that 
 
 | , , , , , , | | | | | | | , 
 
for any ∈ 0,1  and , , , , , ∈ . 
 
(H3) , , ,  for , , , ∈ 0,1 , . 
 
(H4) , , ,  for , , , ∈ 0,1 , , 
 
where ,  are determined later. 
 
(H5) There exists a continuous, nondecreasing function : →  with  
 




  , , , ∈ 0,1 . 
 
(H6) There exists 0 with Δ,  where Δ is determined later. 
 
 
2. Main Results 
 
We now give definitions, lemmas and theorems that will be used in the remainder of this paper. 
 
Throughout the paper, we denote , 0, ∞ , 0, ∞  and 
  
 	 . ∙, ∙ , ′ ∙ , ∙ . 
 
Definition 2.1.  
 




,					 1 ,                                                   (2.1)                 
 
provided that right-hand side is point wise defined on . 
 
Definition 2.2.  
 
The Caputo fractional derivative of order 0, of a function : →  is defined by 
 
3
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Γ
,					 1 .                                      (2.2) 
 
Lemma 2.3.  
 






 ⋯ ,			 ∈ , 0,1,⋯ 1, 1. 
 
Lemma 2.4.  
 
Let 1 , ( ∈ ). Then 
 
 ⋯ ,	 
 
for some ∈ , 0,1,⋯ 1, 1. 
 
Lemma 2.5.  
 
For any ∈ 0,1  and 2 3, a unique solution of the problem 
 
 0,                                                                                                      (2.3) 
                                                                                                                                             
0 1 ,			 ′ 0 0,
0 1 ,
                                                                                              (2.4)  
                      
is 
 
, ,                                                                                                    (2.5) 
 














According to lemma 2.4, Equation (1.1) is equivalent to the following integral equation: 
 
,                                                                                     (2.7) 
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for some , , ∈ . So, we get  
 
′ 2 2 ,                                             (2.8) 
  
and 
       
Γ Γ
,                                                               (2.9) 
																				
Γ 2 Γ 3
.																																					 
 












Substituting , 	and  into (2.7), we obtain (2.5) where ,  is (2.6). The proof is complete. 
 
Lemma 2.6. [Bai and Qiu (2009)]  
 
Let  be a Banach space, ⊆  a cone and Ω ,Ω 	are two bounded open balls of centered at 
the origin with Ω ⊆ Ω .Let  : ∩ Ω \Ω →  is a completely continuous operator such that 
either 
 
		 ‖ ‖ ‖ ‖, ∈ ∩ Ω 	and ‖ ‖ ‖ ‖, ∈ ∩ Ω ,		 
 
 ‖ ‖ ‖ ‖, ∈ ∩ Ω 	and ‖ ‖ ‖ ‖, ∈ ∩ Ω ,	 
 
holds. Then,  has a fixed point in ∩ Ω \Ω . 
 
Lemma 2.7. [Khan, et al. (2011)]  
 
Let  be a Banach space, ⊆ , closed and convex. Assume that  is a relatively open subset 
of  with 0 ∈  and :	 →  is a continuous compact map. Then either 
 
′    A has a fixed point in , or 
 
′  There exists ∈ , and ∈ 	 0,1  with . 
 
Now, let 	 	 ; ∈ 0,1 , ∈ 0,1  equipped with the norm 
 
 ‖ ‖∗ ∈ , | | ∈ , | ′ | ∈ , . 
5
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It is easy to see that  is a Banach space. Define operator ∶ 	 → , as 
 
 , , , ′ , . 
 
Lemma 3.1.  
 




Let  be a sequence such that 	→  in 0; 	1 , i.e. 	‖ ‖∗ → 0. From (H2) we have 
 
 | | 
                                               
, , , ′ , , , ′ ,  
 
 | , | | | ′ ′  
 
 ‖ ‖∗ | , |    
 
 ‖ ‖∗ Γ ds Γ
Γ
Γ
1 ds  
 








 ′ ′ 																																												 
 
               
, , , ′ , , , ′ ,  
 
               | , | | | | ′ ′ |    
           
              	 ‖ ‖∗ |
, |    
	





1 ds  
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Γ
′′ ′′  
 
                    
Γ
		 ′′ ′′  
 


















Hence, we get 
 
‖ ‖∗ ∈ ,
| |
∈ ,





                        					 ‖ ‖∗ Γ α
Γ
Γ
























Therefore,  is continuous. 
 
Let ⊆  be bounded, i.e. there exists a positive constant  such that ‖ ‖ 	 ; 	∀ ∈ : 
From (H1)  is continuous in 0; 	1 . We assume that 
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1 |        
        




| |  
 
                          
| |Γ
Γ
1 | |  
 
                        		














1 | |          																															 

















1 | |  




          																														 




                    








 ‖ ‖∗ ∈ , | | ∈ , | ′ | ∈ , ∆. 
 





























for all ∈  and , with 	 and 0	 	 	 , we have 
 




| |  
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                                    													 Γ
Γ
1 | |   
  






Case 1. For 	 	 	1, by means value theorem, ∃ 	∈ ,  such that 
  













Case 2. For 0 	 	 , 	2 , by means value theorem, ∃ 	∈ ,   such that 



































| |  
	
                                    													 Γ
Γ Γ
1 | |    
 






Case 1. For 	 	 	1, by means value theorem, ∃ 	∈ ,  such that 
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Case 2. For 0 	 	 , 	2 ,      






















































                               | | 1 | |  
 
                               | | 1 | |  
 
                            				  
 
                               +	  
 
                             			 . 
 
Case 1. For	 	1 by means value theorem, since 1 0 we have 
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                                                     2δ 2 δ  
 
                                                     4 δ . 
 




                                                    . 
 
Therefore,  is equicontinuous. By the Arzela-Ascoli theorem  is compact. 
Consequently, ∶ 	 → 	is completely continuous. 
 
Theorem 3.2.  
 
Let 2 3, 1 	 2, and ∶ 	 0; 	1 →  is continuous. Suppose that there exist two 
distinct positive constants , ,  such that: 
 
(H3) , , ,  for , , , ∈ 0,1 , , 
 














From Lemma 3.1 we know operator : →  is completely continuous. We present the proof 
into two steps. 
 
Step 1. We suppose that Ω ∈ ; ‖ ‖∗ . For ∈∩ Ω , ∀ ∈ 0,1 , from (H4), we get 
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 1 1,   
 
            1  
 
             1  
 
           		 , 
 
′ 1 ,   
 
               	 1  
 
                1   
 











                      		  
 




















Consequently, we derive ‖ ‖∗ ‖ ‖∗ for all ∈ ∂Ω . 
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Step 2. We suppose that Ω ∈ ; ‖ ‖∗ . For ∈∩ Ω , ∀ ∈ 0,1 , from (H3), we get 
 
 | | 1  
 
                  | | | | | | 1 | | 	
	
                  ,  
 
 | ′ | 1  
 
            																 | | 1 | |      
     																														 




 1  
                             = | | 1 | |  
                                       																														 
                             		                     





















Γ 3 Γ 1
 
 
                  	 . 
 
Consequently, we derive ‖ ‖∗ ‖ ‖∗ for all ∈ ∂Ω . 
 
Now, by  from Lemma 2.6 the proof is complete. 
13
Darzi and Mohammadzadeh: Results to Solution of Fractional Boundary Value Problems
Published by Digital Commons @PVAMU, 2013
548                                                                                                               Rahmat Darzi and Bahar Mohammadzadeh 
                                                                                                                          
 
 
Theorem 3.3.  
 
Let ∶ 	 0; 	1 →  is continuous. Suppose that the following hypotheses are satisfied: 
 
(H5) There exists a continuous, nondecreasing function : →  with  
         
 | , , , | | | | | | | , 
 
       for 
 
, , , ∈ 0,1 . 
 
(H6) There exists 0 with Δ,  where Δ is determined later. 
 




We consider ∈ ; ‖ ‖∗ . By Lemma 3.1, we know ∶ 	 →  is completely 
continuous. If	∃ ∈ , and ∈ 0,1  such that 
 








	 .                                                                                                  (3.3) 
 
From (H5) and (3.1)-(3.3), for ∈ 0,1  we have 
 
 | | | | , , , ,  
 
                                     		 , | | | | | |  
 
                                      	 ‖ ‖∗ 	 ,  
 
                                       ‖ ‖∗ , 
 
 | ′ | | ′ | , , , ,  
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, | | | | | |  
 




                                           	 ‖ ‖∗ , 
 
and 
               
  
 
                          | , , ,  
 
                          1 , , , |	 
 
                          | | | | | | }ds 
 
                          1 | | | | | |  
 
                         		 ‖ ‖∗ . 
           
So, 
 
 ‖ ‖∗ ∈ , | | ∈ , | ′ | ∈ , 									 
 
                  		 ‖ ‖∗ 			 ‖ ‖∗ 																			 
 
                    ‖ ‖∗  
 






∆.                                                                                                                     (3.4) 
 
Combining (H6) and (3.4) we imply that ‖ ‖∗ 	 ; a contradiction with ∈ . By Lemma 
2.7,  has a fixed point ∈ . Therefore, the BVP (1.1) has one solution. The proof is complete. 
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0 1 ,			 0 0,
1 .
																							                                         (3.5) 
 
To show that boundary value problem (3.5) has at least one solution, we apply theorem (3.2) 
with 





 0.23, 0.23, 1.43, 1.  
 
It is easy to show that the conditions of theorem (3.2) are satisfied. In conclusion, problem (3.5) 
has at least one solution on 0,1 . 
 
Example 3.5.  
 
Consider the BVP 
 
| |,
0 1 ,			 0 0,
1 .
										                                                     (3.6) 
 
To show that boundary value problem (3.6) has at least one solution, we apply Theorem (3.3) 
with 
 
 	 , , , , , , | |, 
 
| |
	 , Δ 4.275.  
 
It is easy to show that the conditions of theorem (3.3) are satisfied. In conclusion, problem (3.5) 




In this paper, by using nonlinear alternative of Leray-Schauder type and Krasnoselskiis fixed 
point theorem, we obtain conditions to prove existence and uniqueness of solutions of (1.1) (see 
16
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